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Holomorphi line bundles and Cartier divisors on domains
in a Stein orbifold with disrete singularities
Makoto Abe
∗
Abstrat. Let X be a Stein orbifold of pure dimension n suh
that Sing(X) is disrete. Let D be an open set of X suh that
Hk(D,O) = 0 for 2 ≤ k ≤ n− 1 and every topologially trivial holo-
morphi line bundle on D is assoiated to some Cartier divisor on D.
Then D is Stein.
1. Introdution
Abe [1℄ proved that an open set D of a Stein manifold X of dimension 2 is
Stein if every holomorphi line bundle L on D is assoiated to some Cartier
divisor d on D. Ballio [7℄ proved that an open set D of a Stein manifold
X of dimension more than 2 of the form D = {ϕ < c}, where ϕ : X → R
is a C 2 weakly 2-onvex funtion in the sense of Andreotti-Grauert [5℄, is
Stein if every holomorphi line bundle L on D is assoiated to some Cartier
divisor d on D.
A omplex spae is said to be an orbifold (or a V-manifold) if every
x ∈ Sing(X) is a quotient singular point. In this paper, we onsider a Stein
orbifold X of pure dimension n suh that Sing(X) is disrete. Then, we
prove that an open setD ofX is Stein ifHk(D,O) = 0 for 2 ≤ k ≤ n−1 and
for every topologially trivial holomorphi line bundle L on D is assoiated
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to some Cartier divisor d on D (see Theorem 4.2), whih generalizes two
results above and improves Abe [2℄.
2. Preliminaries
We denote by O without subsript the redued omplex struture sheaf
of a (not neessarily redued) omplex spae. In other words, we always set
O := OX/NX for a omplex spae X, where OX is the struture sheaf of X
and NX is the nilradial of OX . For a redued omplex spae X, we denote
by M the sheaf of germs of meromorphi funtions on X and by O∗ (resp.
M ∗) the multipliative sheaf on X of germs of invertible holomorphi (resp.
meromorphi) funtions.
Let X be a redued omplex spae. Let Div(X) := (M ∗/O∗)(X). An
element d ∈ Div(X) is said to be a Cartier divisor on X. If d ∈ Div(X)
is dened by the meromorphi Cousin-II distribution {(Ui,mi)}i∈I on X,
then we denote by [d] the holomorphi line bundle on X dened by the
oyle {mi/mj} ∈ Z
1({Ui}i∈I ,O
∗). We say that [d] is the holomorphi
line bundle assoiated to d. We say that d is positive if d an be dened by
a holomorphi Cousin-II distribution.
By the extension theorem for analyti sets (see, for example, Grauert-
Remmert [11, p. 181℄), we have the following extension theorem for Cartier
divisors on a omplex manifold.
Lemma 2.1. Let X be a omplex manifold of pure dimension n ≥ 2. Let
T be an analyti set of X suh that dimT ≤ n − 2. Then for every d ∈
Div(X \ T ) there exists c ∈ Div(X) suh that c|X\T = d.
Proof. Let A =
∑
λ∈Λ αλAλ be the Weil divisor on X \T orresponding to
d, where Aλ is an irreduible analyti set of X \ T of dimension n− 1 and
αλ ∈ Z for every λ ∈ Λ. Then, the losure |A| of |A| =
⋃
λ∈ΛAλ in X is an
analyti set of X of pure dimension n − 1 and the losure Aλ of Aλ in X
is an irreduible analyti set of X of dimension n− 1 for every λ ∈ Λ. We
also have that |A| ∩ (X \ T ) = |A| and Aλ ∩ (X \ T ) = Aλ for every λ ∈ Λ.
Sine we an see that |A| =
⋃
λ∈ΛAλ, the system {Aλ}λ∈Λ is loally nite
in X. Let c be the Cartier divisor on X orresponding to the Weil divisor
B :=
∑
λ∈Λ αλAλ on X. Sine B|X\T = A, we have that c|X\T = d.
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Let X be a redued omplex spae. Let e : O → O∗ be the homomor-
phism of sheaves dened by ex(hx) := (e
2piih)x for hx ∈ Ox and x ∈ X.
Then e indues the homomorphism e∗ : H1(X,O)→ H1(X,O∗). As usual,
we identify the ohomology group H1(X,O∗) with the set of holomorphi
line bundles on X.
For a omplex spae X, we dene the homomorphism
ΦX : H
1(X,OX)→ H
1(X,O∗)
as follows: If α ∈ H1(X,OX) is dened by the oyle {hij} ∈
Z1({Ui},OX), where {Ui} is an open overing of X, then let ΦX(α) be
the ohomology lass in H1(X,O∗) dened by the oyle {e2pii [hij ]} ∈
Z1({Ui},O
∗).1 This denition does not depend on the hoie of {Ui} and
{hij}. If X is redued, then we have that ΦX = e
∗
.
Let ∆(r) := {t ∈ C | |t| < r} for r > 0 and ∆ := ∆(1). Let
P = P (n, ε) := ∆(1 + ε)n and
H = H(n, ε) := ∆n ∪
((
∆(1 + ε) \∆(1− ε)
)
×∆(1 + ε)n−1
)
for n ∈ N and 0 < ε < 1. The pair (P,H) is said to be a Hartogs gure.
An open set D of a omplex spae X is said to be loally Stein at a point
x ∈ ∂D if there exists a neighborhood U of x in X suh that the open
subspae D ∩ U is Stein. By Lemmas 6.1 and 6.2 of Abe [3℄, we have the
following lemma.
Lemma 2.2. Let X be a Stein spae of pure dimension n ≥ 2. Let D be
an open set of X. Then the following two onditions are equivalent.
(1) D is not loally Stein at some point p ∈ ∂D \ Sing(X).
(2) There exist a holomorphi map θ : X → Cn,2 an open set W ⊂
X\Sing(X), ε ∈ (0, 1), and b = (b1, b2, . . . , bn) ∈ Cn suh that θ(W ) is
an open set of Cn, the restrition θ|W :W → θ(W ) is biholomorphi,
P (n, ε) ⋐ θ(W ), (θ|W )
−1(H(n, ε)) ⊂ D, |b1| ≤ 1−ε, 1 ≤ |b2| < 1+ε,
|bν | < 1 for 3 ≤ ν ≤ n, and (θ|W )
−1(b) ∈ ∂D.
1
We denote by [h] the valuation x 7→ hx+mx ∈ OX, x/mx = C, x ∈ U , for h ∈ OX(U),
where U is an open set of X.
2
As usual, we simply write θ : X → Cn instead of (θ, θ˜) : (X,OX) → (C
n,O).
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Lemma 2.3. Let X be a redued omplex spae. Then for every x ∈
Sing(X) has a suiently small neighborhood U of x suh that U is Stein,
U is ontratible to x, and rankH1(U \ x,Z) < +∞.
Proof. Take a neighborhood E of x in X suh that E an be regarded as
an analyti set of an open set B of some CN in whih x is the origin. Let
Bε := {z ∈ CN | ‖z‖ < ε} for every ε > 0. Then, by the oni struture
lemma of Burghelea-Verona [8, Lemma 3.2℄, there exists ε0 > 0 suh that
Bε0 ⋐ B and the pair (Bε, Bε∩E) is homeomorphi to the one over the pair
(∂Bε, ∂Bε∩E) for every ε ∈ (0, ε0]. Take an ε ∈ (0, ε0] and let U := Bε∩E.
Then U is Stein and is ontratible to x. Sine, by ojasiewiz [17, Theorem
1℄, there exists a nite simpliial omplex whih deomposes ∂Bε ∩ E, we
see that U \ x has a nite overing by ontratible open sets and therefore
rankH1(U \ x,Z) < +∞.
3. Domains in a Stein spae
In this setion, we revise the ontents of Abe [2℄, for there are inorret
arguments in the proof of Abe [2, Lemma 3.3℄.
Lemma 3.1 (f. Abe [2, Lemma 3.1℄) Let X be a Stein spae of pure
dimension 2 and D an open set of X. Let W be an open set of X \Sing(X)
and θ : X → C2 be a holomorphi map suh that θ(W ) is an open set of
C2 and the restrition θ|W : W → θ(W ) is biholomorphi. Assume that
there exist ε ∈ (0, 1) and b = (b1, b2) ∈ C2 suh that P (2, ε) ⋐ θ(W ),
(θ|W )
−1(H(2, ε)) ⊂ D, |b1| ≤ 1 − ε, 1 ≤ |b2| < 1 + ε, and (θ|W )
−1(b) ∈
∂D. Then there exists a ohomology lass α ∈ H1(D,OX |D) suh that
the holomorphi line bundle Φ(D,OX |D)(α)|D∩R ∈ H
1(D ∩ R,O∗) is not
assoiated to any Cartier divisor on D ∩R, where R := (θ|W )
−1(P (2, ε)).
Proof. The proof is essentially same as that of Abe [2, Lemma 3.1℄. Let
θν := θ˜zν for ν = 1, 2, where z1, z2 are the oordinates of C2. Let Eν :=
{[θν ] 6= bν} for ν = 1, 2. Sine Eν is Stein and 1/([θν ]− bν) ∈ O(Eν), there
exists uν ∈ OX(Eν) suh that [uν ] = 1/([θν ] − bν) on Eν for ν = 1, 2. Let
T := {|[θ2]| < 1+ε} and F := (E1∩T )∪(T \R¯). Then T is Stein, {R,F} is
an open overing of T , and R ∩ F = E1 ∩R. Sine H
1({R,F},OX |T ) = 0,
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there exist v0 ∈ OX(R) and v1 ∈ OX(F ) suh that u1 = v1 − v0 on R ∩ F .
Let D1 := D ∩ F and D2 := D ∩ E2. Sine (θ|W )
−1(b) 6∈ D, we see that
{D1, D2} is an open overing of D. Let α ∈ H
1({D1, D2},OX |D) be the
ohomology lass dened by ev1+u2 |D1∩D2 ∈ OX(D1 ∩ D2).
3
Assume that
Φ(D,OX |D)(α)|D∩R is assoiated to some Cartier divisor on D ∩ R. Then
there exist gν ∈ M
∗(Dν ∩ R), ν = 1, 2, suh that exp(2pii e
v1+u2) = g1/g2
on D1∩D2∩R. Let P := P (2, ε) and H := H(2, ε). Let Pν := P∩{zν 6= bν}
and Hν := H ∩ {zν 6= bν} for ν = 1, 2. Sine (θ|W )
−1(Hν) ⊂ D ∩ Eν ∩
R = Dν ∩ R, we have the funtion fν := gν ◦ (θ|W )
−1 ∈ M ∗(Hν) for
ν = 1, 2. Sine (θ|W )
−1(P1 ∩ P2) ⊂ E1 ∩ E2 ∩ R = F ∩ E2 ∩ R, we have
the funtion ξ := exp(2pii ev1+u2) ◦ (θ|W )
−1 ∈ O(P1 ∩ P2). Then we have
that ξ = f1/f2 on H1 ∩ H2. Sine P is an envelope of holomorphy of
H, the open set Pν is an envelope of holomorphy of Hν for ν = 1, 2 by
Grauert-Remmert [10, Satz 7℄ (see Jarniki-Pug [13, p. 182℄). Therefore,
by Kajiwara-Sakai [15, Proposition 3℄, there exists f˜ν ∈ M (Pν) suh that
f˜ν = fν on Hν for ν = 1, 2. Then, by the theorem of identity, we have that
f˜ν ∈ M
∗(Pν) for ν = 1, 2 and ξ = f˜1/f˜2 on P1 ∩ P2. Let wν := (zν − bν)/δ
for ν = 1, 2, where 0 < δ ≤ 1+ ε− |b2|. Let U1 := {0 < |w1| < 1, |w2| < 1},
U2 := {|w1| < 1, 0 < |w2| < 1}, and M := U1 ∪ U2. Sine M is Cousin-II,
we moreover have that ξ|U1∩U2 ∈ B
1({U1, U2},O
∗). Let η := v0 ◦ (θ|W )
−1
on P . We have that
ξ = exp
(
2pii ev0+u1+u2
)
◦ (θ|W )
−1 = exp
(
2pii eηe(1/δ)(1/w1+1/w2)
)
on U1 ∩ U2. By Abe [3, Lemma 3.3℄, we then have that
eηe(1/δ)(1/w1+1/w2) ∈ B1({U1, U2},O),
whih ontradits Kajiwara-Kazama [14, Lemma 9℄ (see Abe [3, Lemma
3.2℄). It follows that the ohomology lass Φ(D,OX |D)(α)|D∩R is not assoi-
ated to any Cartier divisor on D ∩R.
Lemma 3.2 (f. Abe [2, Lemma 3.3℄) Let X be a Cohen-Maaulay
Stein spae of pure dimension n ≥ 2.4 Let D be an open set of X suh
3
See Kaup-Kaup [16, pp. 246℄ for the denition of eh ∈ OX(U), where U is an open
set of a omplex spae X and h ∈ OX(U).
4
A omplex spae X is said to be Cohen-Maaulay if the loal C-algebra OX, x is
Cohen-Maaulay for every x ∈ X.
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that Hk(D,OX |D) = 0 for 2 ≤ k ≤ n − 1. Let W be an open set of
X \ Sing(X) and θ : X → Cn be a holomorphi map suh that θ(W ) is
an open set of Cn and the restrition θ|W : W → θ(W ) is biholomorphi.
Assume that there exist ε ∈ (0, 1) and b = (b1, b2, . . . , bn) ∈ Cn suh that
P (n, ε) ⋐ θ(W ), (θ|W )
−1(H(n, ε)) ⊂ D, |b1| ≤ 1 − ε, 1 ≤ |b2| < 1 + ε,
|bν | < 1 for 3 ≤ ν ≤ n, and (θ|W )
−1(b) ∈ ∂D. Then there exists a o-
homology lass α ∈ H1(D,OX |D) suh that the holomorphi line bundle
Φ(D,OX |D)(α)|D∩R ∈ H
1(D∩R,O∗) is not assoiated to any Cartier divisor
on D ∩R, where R := (θ|W )
−1(P (n, ε)).
Proof. The proof proeeds by indution on n. By Lemma 3.1, the assertion
is true if n = 2. We onsider the ase where n ≥ 3. Let θν := θ˜zν for
ν = 1, 2, . . . , n, where z1, z2, . . . , zn are the oordinates of Cn. We may
assume that W is onneted. Then, there exists f ∈ OX(X) suh that
[f ] = [θn] − bn on the irreduible omponent X0 of X ontaining W and
[f ] 6≡ 0 on any irreduible omponent of X. Let Y := {[f ] = 0} and
OY := (OX/fOX)|Y . By the argument in the proof of Abe [2, Lemma 3.3℄,
the omplex spae Y is a Cohen-Maaulay Stein spae of pure dimension
n − 1 and we have that Hk(D ∩ Y,OX |D∩Y ) = 0 for 2 ≤ k ≤ n − 2
and the restrition ι˜∗ : H1(D,OX |D) → H
1(D ∩ Y,OY |D∩Y ) is surjetive.
Let θ′ : Y → Cn−1 be the holomorphi map suh that θ˜′zν = (ι˜θν)|Y for
ν = 1, 2, . . . , n− 1. Let R′ := R∩ Y and W ′ :=W ∩ Y . Then we have that
R′ ⋐W ′ ⊂ Y \ Sing(Y ), θ(x) = (θ′(x), bn) for every x ∈W
′
, the set θ′(W ′)
is open in Cn−1, the restrition θ′|W ′ :W ′ → θ′(W ′) is biholomorphi,
(θ′|W ′)
−1(P (n− 1, ε)) = R′,
(θ′|W ′)
−1(H(n− 1, ε)) = (θ|W )
−1(H(n− 1, ε)× {bn})
= (θ|W )
−1(H(n, ε)) ∩W ′ ⊂ D ∩ Y ,5 and
(θ′|W ′)
−1((b1, . . . , bn−1)) = (θ|W )
−1(b) 6∈ D ∩ Y .
Let b′ := (b1, t0b2, b3, . . . , bn−1), where
t0 := sup{t ∈ [0, 1] | (θ
′|W ′)
−1((b1, sb2, b3, . . . , bn−1)) ∈ D ∩ Y for every s ∈ [0, t]}.
5
Beause |bn| < 1, we have that H(n− 1, ε)×{bn} = H(n, ε)∩ {zn = bn}. The proof
of Abe [2, Lemma 3.3℄ is not orret as the possibility of |bn| = 1 is not avoided there.
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Then we have that 1 ≤ |t0b2| < 1 + ε and the point (θ
′|W ′)
−1(b′) belongs
to the boundary of D ∩ Y in Y . By indution hypothesis, there exists
α′ ∈ H1(D∩Y,OY |D∩Y ) suh that Φ(D∩Y,OY |D∩Y )(α
′)|D∩R′ is not assoiated
to any Cartier divisor on D ∩ R′. Sine ι˜∗ is surjetive, there exists α ∈
H1(D,OX |D) suh that ι˜
∗(α)|D∩Y = α
′
. Then, by the argument in the proof
of Abe [2, Lemma 3.3℄, the line bundle Φ(D,OX |D)(α)|D∩R is not assoiated
to any Cartier divisor on D ∩R.
Theorem 3.3 (Abe [2, Theorem 4.1℄) Let X be a Stein spae of pure
dimension n. Assume further that X is Cohen-Maaulay if n ≥ 3. Let D
be an open set of X whih satises the following two onditions:
• Hk(D,OX |D) = 0 for 2 ≤ k ≤ n− 1.
6
• For every α ∈ H1(D,OX |D) there exists d ∈ Div(D) suh that
Φ(D,OX |D)(α) = [d].
Then D is loally Stein at every point x ∈ ∂D \ Sing(X).
Proof. We may assume that n ≥ 2. Assume that there exists p ∈ ∂D \
Sing(X) suh that D is not loally Stein at p. Then, by Lemma 2.2, there
exist a holomorphi map θ : X → Cn, an open set W ⊂ X \ Sing(X),
ε ∈ (0, 1), and b = (b1, b2, . . . , bn) ∈ Cn suh that θ(W ) is an open set of
Cn, the restrition θ|W : W → θ(W ) is biholomorphi, P (n, ε) ⋐ θ(W ),
(θ|W )
−1(H(n, ε)) ⊂ D, |b1| ≤ 1 − ε, 1 ≤ |b2| < 1 + ε, |bν | < 1 for 3 ≤
ν ≤ n, and (θ|W )
−1(b) ∈ ∂D. By Lemmas 3.1 and 3.2, there exists α ∈
H1(D,OX |D) suh that the line bundle Φ(D,OX |D)(α)|D∩R is not assoiated
to any Cartier divisor on D ∩ R, where R := (θ|W )
−1(P (n, ε)). It is a
ontradition.
6
This ondition an be replaed by the weaker one that dimHk(D,OX |D) ≤ ℵ0 for
2 ≤ k ≤ n− 1 (see Abe [2, Remark 4.2℄).
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4. Domains in a Stein orbifold
Lemma 4.1. Let X be a Stein orbifold of pure dimension n ≥ 2 suh that
Sing(X) is disrete. Let D be an open set of X whih satises the following
three onditions:
• Hk(D,O) = 0 for 2 ≤ k ≤ n− 1.
• For every topologially trivial holomorphi line bundle L on D there
exists d ∈ Div(D) suh that L = [d].7
• X \ Sing(X) ⊂ D.
Then we have that D = X.
Proof. Assume that D $ X. Then P := X \ D 6= ∅. Sine Sing(X)
is disrete and P ⊂ Sing(X), the set P is also disrete. Take a system
{Ux}x∈P of onneted Stein open sets of X suh that Ux ∩ Sing(X) = {x}
for every x ∈ P and Ux ∩ Uy = ∅ if x 6= y. By the Mayer-Vietoris exat
sequene, we have the isomorphisms
Hk(D,O)
∼
→ Hk(
⋃
x∈P
(Ux \ x),O) ∼=
∏
x∈P
Hk(Ux \ x,O)
for every k ≥ 1. Therefore H1(D,O) → H1(Ux \ x,O) is surjetive and
Hk(Ux \x,O) = 0, 2 ≤ k ≤ n− 1, for every x ∈ P . Sine X is normal,
8
the
open set Ux \ x is not Stein by the seond Riemann extension theorem. It
follows that H1(Ux \x,O) 6= 0 for every x ∈ P (see, for example, Coen [9℄).
We x a point p ∈ P . By Prill [18℄ (see Abe [3, Lemma 2.4℄), there exist
a neighborhood U ′ of p in X, an open set W ′ of Cn, and a nitely sheeted
ramied overing pi′ : W ′ → U ′ suh that U ′ ∩ Sing(X) = {p} and pi′ is
loally biholomorphi on W ′ \ pi′−1(p). We may assume that pi′−1(p) = {0}
(see Grauert-Remmert [11, p. 48℄). Take an open ball B entered at 0
suh that B ⊂W ′. By Lemma 2.3, we may further assume that U := Up is
ontratible to p, rankH1(U\p,Z) < +∞, U ⊂ U ′, andW := pi′−1(U) ⊂ B.
7
Note that the set im e∗ = ker δ oinides with the set of topologially trivial holo-
morphi line bundles on D, where H1(D,O)
e∗
→ H1(D,O∗)
δ
→ H2(D,Z).
8
Every omplex orbifold is Cohen-Maaulay and normal (see Abe [3, p. 706℄).
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Let pi := pi′|W : W → U . Let b := #pi
−1(ξ), ξ ∈ U \ p, whih is onstant.
The sequene 0→ Z→ O e→ O∗ → 0 is exat and we have the ommutative
diagram:
H1(D,Z) ι→ H1(D,O) e
∗
→ H1(D,O∗)
↓ r ↓ r ↓ r
H1(U \ p,Z) ι→ H1(U \ p,O) e
∗
→ H1(U \ p,O∗)
↓ pi∗ ↓ pi∗ ↓ pi∗
H1(W \ 0,Z) ι→ H1(W \ 0,O) e
∗
→ H1(W \ 0,O∗),
where the rows are exat. Take an arbitrary β ∈ H1(U \ p,O). Sine the
restrition r : H1(D,O) → H1(U \ p,O) is surjetive, there exists α ∈
H1(D,O) suh that r(α) = β/b. By assumption, there exists d ∈ Div(D)
suh that [d] = e∗(α). By Lemma 2.1, there exists c ∈ Div(W ′) suh that
c|W ′\0 = pi
′
∗(d|U ′\p). Sine H
1(B,O∗) = 0, we have that [c]|B = 0. Then we
have that
e∗(pi∗(β/b)) = e
∗(pi∗(r(α))) = pi∗(r(e
∗(α))) = pi∗([d]|U\p) = [c]|W\0 = 0.
Therefore there exists ν˜ ∈ H1(W \ 0,Z) suh that ι(ν˜) = pi∗(β/b). Sine
pi : W \ 0 → U \ p is a b-sheeted unramied overing over U \ p, there
exists a simple open overing {Vi}i∈I of U \p suh that pi
−1(Vi) onsists of b
onneted omponents V˜i1, V˜i2, . . . , V˜ib and pi|V˜iλ : V˜iλ → Vi is biholomorphi
for every i ∈ I and for every λ = 1, 2, . . . , b. Then {pi−1(Vi)}i∈I is a Leray
open overing of W \ 0 with respet to the onstant sheaf Z. Therefore
there exists a oyle {ν˜ij} ∈ Z
1({pi−1(Vi)}i∈I ,Z) suh that ν˜ = [{ν˜ij}] ∈
H1({pi−1(Vi)}i∈I ,Z). Sine {Vi}i∈I an be hosen suiently ne, we may
assume that there exists a oyle {βij} ∈ Z
1({Vi}i∈I ,O) suh that β =
[{βij}] ∈ H
1({Vi}i∈I ,O). Sine β/b − ι(ν˜) = [{(βij ◦ pi)/b − ν˜ij}] = 0
in H1({pi−1(Vi)}i∈I ,O), there exists {γ˜i} ∈ C
0({pi−1(Vi)}i∈I ,O) suh that
(βij ◦pi)/b− ν˜ij = γ˜j− γ˜i on pi
−1(Vi∩Vj) for every i, j ∈ I. For an arbitrary
ξ ∈ pi−1(Vi ∩ Vj) let {η1, η2, . . . , ηb} := pi
−1(ξ). Sine βij(ξ)/b − ν˜ij(ηλ) =
γ˜j(ηλ)− γ˜i(ηλ) for λ = 1, 2, . . . , b, we obtain that
βij(ξ)−
b∑
λ=1
ν˜ij(ηλ) =
b∑
λ=1
γ˜j(ηλ)−
b∑
λ=1
γ˜i(ηλ).
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Let γi :=
∑b
λ=1 γ˜i◦(pi|V˜iλ)
−1
on Vi and let νij :=
∑b
λ=1 ν˜ij ◦((pi|V˜iλ)
−1|Vi∩Vj )
on Vi∩Vj . Then γi is a holomorphi funtion on Vi, νij is a onstant funtion
on Vi ∩ Vj with values in Z, and we have that βij − νij = γj − γi on Vi ∩ Vj
for every i, j ∈ Z. Sine δ{νij} = δ{βij} − δ{γj − γi} = 0, we have that
{νij} ∈ Z
1({Vi}i∈I ,Z). Then we have that β = ι(ν) ∈ H1({Vi}i∈I ,O) ⊂
H1(U \ p,O), where ν := [{νij}] ∈ H
1({Vi}i∈I ,Z). Thus we proved that
ι : H1(U \ p,Z)→ H1(V \ p,O) is surjetive. Sine H1(U \ p,O) is a non-
trivial C-vetor spae, we have that #H1(U \p,O) ≥ ℵ. Sine rankH1(U \
p,Z) < +∞, we also have that#H1(U\p,Z) ≤ ℵ0, whih is a ontradition.
It follows that D = X.
Theorem 4.2. Let X be a Stein orbifold of pure dimension n suh that
Sing(X) is disrete. Let D be an open set of X. Then the following two
onditions are equivalent.
(1) D is Stein.
(2) D satises the following two onditions:
• Hk(D,O) = 0 for 2 ≤ k ≤ n− 1.9
• For every topologially trivial holomorphi line bundle L on D
there exists d ∈ Div(D) suh that L = [d].
Proof. (1)→ (2). Every holomorphi line bundle on a redued Stein spae
is assoiated to some positive Cartier divisor (see Gunning [12, p. 124℄).
(2) → (1). We may assume that n ≥ 2. By Theorem 3.3, the open set D
is loally Stein at every x ∈ ∂D \ Sing(X). Let D∗ be the extension of D
along Sing(X). We have that D∗ \ Sing(X) = D \ Sing(X). The open set
D∗ does not have boundary points removable along Sing(X) and is loally
Stein at every x ∈ ∂D∗ \ Sing(X). By Abe-Hamada [4, Lemma 2℄ (see Abe
[3, Lemma 2.4℄), the open set D∗ is loally Stein at every x ∈ ∂D∗. Sine
Sing(X) is disrete, the open set D∗ is Stein by Andreotti-Narasimhan [6℄.
Sine D∗ \ Sing(X) ⊂ D ⊂ D∗, we have that D = D∗ by Lemma 4.1. Thus
we proved that D is Stein.
9
This ondition an be replaed by the weaker one that dimHk(D,O) ≤ ℵ0 for
2 ≤ k ≤ n− 1 (see footnotes 6 and 8).
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Corollary 4.3. Let X be a Stein orbifold of pure dimension 2. Then for
every open set D of X the following two onditions are equivalent.
(1) D is Stein.
(2) For every topologially trivial holomorphi line bundle L on D there
exists d ∈ Div(D) on D suh that L = [d].
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